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1. Introduction

In daily life, the problems in many fields deal with uncertain data and are not
successfully modelled in classical mathematics. There are two types of mathematical
tools to deal with uncertainties namely fuzzy set theory introduced by Zadeh [41]
and the theory of soft sets initiated by Molodstov [28] which helps to solve problems
in all areas. After than , the properties and applications on this theorem have been
studied by many authors (e.g. [3], [7], [8], [14], [22], [36], [42]). Maji et al. [22]
introduced several operations in soft sets and has also coined fuzzy soft sets. Many
interesting applications of soft set theory have been expanded by embedding the
ideas of fuzzy sets (e.g. [2], [4], [9], [10], [13], [23], [24], [32], [37], [38], [40]). In
[5] Beaula et al. were introduced a definition of the fuzzy soft metric space, also in
[35] we introduced a concept of fuzzy Soft contractive mappings in fuzzy soft metric
spaces and studied some fixed point theorems.
The Banach contraction principle is certainly a classical result of modern analysis.
This principle has been extended and generalized in different directions in metric
spaces [39]. In (1988), Grabiec [17] initiated the study of the fixed point theory
in fuzzy metric space. In (2002), Gregori and Sapena [18] introduced new kind of
contractive mappings in modified fuzzy metric spaces and proved a fuzzy version of
Banach contraction principle (see [25], [26], [31]). In particular, Mihet [27] intro-
duced the concepts of fuzzy ψ-contractive mappings which enlarge the class of fuzzy
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contractions in Gregori and Sapena [18] and many authors Abbas et al. [1] and Hong
[19] have used the result of Mihet [27]. In (2012) Samet et al. [34] introduced the
concept of α−ψ-contractive mapping and utilized the same concept to prove several
interesting fixed point theorems in setting of metric spaces (see [2], [15], [16], [29],
[30], [39] ). In this paper, we introduce a concept of fuzzy soft α−ψ-contractive type
mappings and cyclic fuzzy soft (α, β)− ψ-contractive mappings, and establish fixed
point theorems for such mappings in complete fuzzy soft metric spaces. Starting
from the Banach contraction principle, the presented theorems are the extension,
generalization, and improvement of many existing results in the literature.

2. Preliminaries

In this section we present some basic definitions of fuzzy soft set and fuzzy soft
metric space.
Throughout our discussion, X refers to an initial universe, E the set of all parameters
for X, P (X) denotes the power set of X and I = [0, 1].

Definition 2.1 ([41]). A fuzzy set A in a non-empty set X is characterized by
a membership function µA : X → I whose value µA(x) represents the ”degree of
membership” of x in A for x ∈ X. Let IX denotes the family of all fuzzy sets on X.

A member A in IX is contained in a member B of IX , denoted by A ≤ B if and
only if µA(x) ≤ µB(x) for every x ∈ X (see [41]).

Let A,B ∈ IX , we have the following fuzzy sets (see [41]).

(i) Equality: A = B if and only if µA(x) = µB(x), for all x ∈ X.
(i) Intersection: C = A ∧ B ∈ IX by µC(x) = min{µA(x), µB(x)}, for all

x ∈ X.
(iii) Union: D = A ∨B ∈ IX by µC(x) = max{µA(x), µB(x)}, for all x ∈ X.
(iv) Complement: E = Ac ∈ IX by µE(x) = 1− µA(x), for all x ∈ X.

Definition 2.2 ([41]). The empty fuzzy set, denoted by 0̃, is the function which
maps each x ∈ X to 0. That is, 0̃(x) = 0, for all x ∈ X. A universal fuzzy set
denoted by 1̃ is a function which maps each x ∈ X to 1. That is, 1̃(x) = 1, for all
x ∈ X.

Definition 2.3 ([28]). Let A ⊆ E. A pair (F,A) is called a soft set over (X,E), if
F is a mapping F : A→ P (X).

In other words, a soft set over (X,E) is a parameterized family of subsets of the
universe X. For ε ∈ A, A(ε) may be considered as the set of ε-approximate elements
of the soft set (F,A), or as the set of ε-approximate elements of the soft set.

Definition 2.4 ([21]). Let A ⊆ E. Then a pair (f,A), denoted by fA, is called a
fuzzy soft set over (X,E), where f is a mapping given by f : A → IX defined by
fA(e) = µefA , where

µefA =

{
0̃, if e /∈ A,
otherwise, if e ∈ A.

2



A. F. Sayed et al. /Ann. Fuzzy Math. Inform. x (201y), No. x, xx–xx

(̃X,E) denotes the class of all fuzzy soft sets over (X,E) and is called a fuzzy
soft universe ([22]).

Definition 2.5 ([23]). A fuzzy soft set fA over (X,E) is said to be:

(a) NULL fuzzy soft set, denoted by φ̃, if for all e ∈ A, fA(e) = 0̃,

(b) absolute fuzzy soft set, denoted by Ẽ, if for all e ∈ A, fA(e) = 1̃.

Definition 2.6 ([33]). The complement of a fuzzy soft set (f,A), denoted by (f,A)c,
is defined by (f,A)c = (f c, A), f cA : E → IX is a mapping given by µefc

A
= 1̃ − µefA

where 1̃(x) = 1, for all x ∈ X. Clearly, (f cA)c = fA.

Definition 2.7 ([33]). Let fA, gB ∈ (̃X,E). Then fA is called a fuzzy soft subset of
gB , denoted by fA⊆̃gB , if A ⊆ B and µefA ≤ µ

e
gB , for all e ∈ A, i.e. µefA(x) ≤ µegB (x),

for all x ∈ X and for all e ∈ A.

Definition 2.8 ([33]). Let fA, gB ∈ (̃X,E). Then the union of fA and gB is also
a fuzzy soft set hC , where C = A ∪ B and for all e ∈ C, hC(e) = µehc

= µefA ∨ µ
e
gB .

Here we write hC = fA∪̃gB .

Definition 2.9 ([33]). Let fA, gB ∈ (̃X,E). Then the intersection of fA and gB is
also a fuzzy soft set dC , where C = A∩B and for all e ∈ C, dC(e) = µedc = µefA∧µ

e
gB .

Here we write dC = fA∩̃gB .

Definition 2.10 ([20]). The fuzzy soft set fA ∈ (̃X,E) is called fuzzy soft point, if
there exist x ∈ X and e ∈ E such that µefA(x) = α(0 < α ≤ 1) and µefA(y) = 0 for

each y ∈ X − {x}, and this fuzzy soft point is denoted by xeα or fe.

Definition 2.11 ([20]). The fuzzy soft point xeα is said to be belonging to the fuzzy
soft set (g,A), denoted by xeα∈̃(g,A), if for the element e ∈ A,α ≤ µegA(x).

Definition 2.12 ([5]). Let fA be fuzzy soft set over (X,E). Then two fuzzy soft
points Fe1 , Fe2 ∈ fA are said to be equal, if µfe1 (x) = µfe2 (x), for all x ∈ X. Thus

fe1 6= fe2 if and only µfe1 (x) 6= µfe2 (x), for all x ∈ X.

Proposition 2.13 ([5]). The union of any collection of fuzzy soft points can be
considered as a fuzzy soft set and every fuzzy soft set can be expressed as the union
of all fuzzy soft points as

fA = {∪̃fe∈̃fAfe : e ∈ E}.

Proposition 2.14 ([5]). Let fA, fB be two fuzzy soft sets then fA⊆̃fB if and only
if fe∈̃fA implies fe∈̃fB and hence fA = fB if and only if fe∈̃fA and only if fe∈̃fB.

Definition 2.15 ([12]). Let R be the set of real numbers and B(R) be the collection
of all non-empty bounded subsets of R and E be taken as a set of parameters, A ⊆ E.
Then a mapping f : A→ B(R) is called a soft real set. If a soft real set is a singleton
soft set, it will be called a soft real number and denoted by r̃, s̃, t̃ etc. 0̃ and 1̃ are
the soft real numbers, where 0̃(e) = 0, 1̃(e) = 1, for all e ∈ E, respectively.

The set of all soft real numbers is denoted by R(A) and the set of all non-negative
soft real numbers by R(A)∗

3
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Definition 2.16 ([11]). A (non negative) fuzzy soft real number is a fuzzy set on the

set of all (non negative) soft real numbers R(A), that is, a mapping
˜̃
λ : R(A)→ [0, 1]

, associating with each (non negative) soft real number t̃, its grade of membership
˜̃
λ(t̃) satisfying the following conditions:

(i)
˜̃
λ is convex,

that is,
˜̃
λ(t̃) ≥ min (

˜̃
λ(s̃),

˜̃
λ(r̃)) for s̃ ⊆ t̃ ⊆ r̃,

(ii)
˜̃
λ is normal,

that is, there exists t̃0 ∈ R(A)∗ such that
˜̃
λ(t̃0) = 1,

(iii)
˜̃
λ is upper semi continuous provided for all t̃ ∈ R(A) and α ∈ [0, 1],
˜̃
λ(t̃) < α, there is a δ > 0 such that ‖ s̃− t̃ ‖≤ δ implies that

˜̃
λ(s̃) < α.

Let A ⊆ E and the collection of all fuzzy soft points of a fuzzy soft set fA over
(X,E) be denoted by FSC(fA).

Let R(A)∗ be the set of all non negative fuzzy soft real numbers. The fuzzy soft
metric using fuzzy soft points is defined as follows:

Definition 2.17 ([5]). Let A ⊆ E and Ẽ be the absolute fuzzy soft set. A mapping

d̃ : FSC(Ẽ)×FSC(Ẽ)→ R(A)∗ is said to be a fuzzy soft metric on Ẽ, if d̃ satisfies
the following conditions:

(FSM1) : d̃(fe1 , fe2)≥̃0̃, for all fe1 , fe2 ∈̃Ẽ,

(FSM2) : d̃(fe1 , fe2) = 0̃ if and only if fe1 = fe2 , for al fe1 , fe2∈̃Ẽ,

(FSM3) : d̃(fe1 , fe2) = d̃(fe2 , fe1), for all fe1 , fe2 ∈̃Ẽ,

(FSM4) : d̃(fe1 , fe3)≤̃, d̃(fe1 , fe2) + d̃(fe2 , fe3) for all fe1 , fe2 , fe3∈̃Ẽ).

The fuzzy soft set Ẽ with the fuzzy soft metric d̃ is called the fuzzy soft metric
space and is denoted by (Ẽ, d̃).

Definition 2.18 ([6]). Let (Ẽ, d̃) be a fuzzy soft metric space and ˜̃t be a fuzzy soft

real number and ε̃ ∈ (0, 1). A fuzzy soft open ball centered at the fuzzy point fe∈̃Ẽ
and radius ˜̃t is a collection of all fuzzy soft points ge of Ẽ such that d̃(ge, fe)<̃

˜̃t. It is

denoted by ˜̃B(fe,
˜̃t, ε̃), where ˜̃B(fe,

˜̃t, ε̃) = {ge∈̃Ẽ|d̃(ge, fe)<̃
˜̃t} with | µage(x)−µafe(x) |

<ε̃, for all a ∈ E, x ∈ X .

The fuzzy soft closed ball is denoted by ˜̃B[fe,
˜̃t, ε̃] = {ge∈̃Ẽ|d̃(ge, fe)≤̃˜̃t} with

| µage(x)− µafe(x) | ≤ε̃, for all a ∈ E, x ∈ X.

Definition 2.19 ([6]). A sequence {fen} in a fuzzy soft metric space (Ẽ, d̃) is said

to converge to fe′ , if d̃(fen , fe′)→ 0̃ as n→∞, for every ε̃>̃0̃, there exists δ̃>̃0̃ and

a positive integer N = N(ε̃) such that d̃(fen , fe′)<̃δ̃ implies | µafen (x)− µafe′ (x) |< ε̃,

whenever n ≥ N, a ∈ E and x ∈ X. It is usually denoted as lim n→∞fen = fe′ .

Definition 2.20 ([6]). A sequence {fen} in a fuzzy soft metric space (Ẽ, d̃) is

said to be a Cauchy sequence, if to every ε̃>̃0̃, there exists δ̃>̃0̃ and a positive
integer N = N(ε̃) such that d̃(fen , fem)<̃δ̃ implies | µafen (x) − µafem (x) |< ε̃, for all

n,m ≥ N, a ∈ E and x ∈ X, that is, d̃(fen , fem)→ 0̃ as n,m→∞ .
4
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Definition 2.21 ([6]). A fuzzy soft metric space (Ẽ, d̃) is said to be complete, if

every cauchy sequence in Ẽ converges to some fuzzy soft point of Ẽ.

Definition 2.22 ([35]). Let (Ẽ, d̃) and (Ẽ′, ρ̃) be two fuzzy soft metric spaces.

Then the mapping ϕψ = (ϕ,ψ) : (Ẽ, d̃) → (Ẽ′, ρ̃) is called a fuzzy soft mapping, if

ϕ : Ẽ → Ẽ′ and ψ : E → E′ are two mappings.

Definition 2.23 ([35]). Let (Ẽ, d̃) and (Ẽ′, ρ̃) be two fuzzy soft metric spaces. Then

ϕψ : (Ẽ, d̃)→ (Ẽ′, ρ̃) is called a fuzzy soft continuous mapping at the fuzzy soft point

fe∈̃FSC(Ẽ), if for every fuzzy soft open ball ˜̃B(ϕψ(fe),
˜̃t, ˜́ε) of (Ẽ′, ρ̃), there exists

a fuzzy soft open ball ˜̃B(fe,
˜̃t, ε̃) of (d̃, Ẽ) such that ϕ( ˜̃B(fe,

˜̃t, ε̃))⊆̃ ˜̃B(ϕψ(fe), ˜̃r, ˜́ε).

If ϕψ(fe) is a fuzzy soft continuous mapping at every fuzzy soft point fe of (Ẽ, d̃),

then it is said to be fuzzy soft continuous mapping on (Ẽ, d̃).

Now, this definition can be expressed using ε̃− δ̃ as follows:

Definition 2.24 ([35]). The mapping ϕψ : (Ẽ, d̃) → (Ẽ′, ρ̃) is said to be a fuzzy

soft continuous mapping at the fuzzy soft point fe∈̃FSC(Ẽ), if for every ε̃>̃0̃, there

exists a δ̃>̃0̃ such that d̃(fe, gé)<̃δ̃ implies that ρ̃(ϕψ(fe), ϕψ(gé))<̃ε̃.

Definition 2.25 ([35]). The fuzzy soft mapping ϕψ : (Ẽ, d̃)→ (Ẽ′, ρ̃) is said to be

fuzzy soft sequentially continuous at the fuzzy soft point fe∈̃FSC(Ẽ), if for every
sequence of fuzzy soft points {fen} converging to the fuzzy soft point fe in the fuzzy

soft metric space (Ẽ, d̃), the sequence ϕψ({fen}) in (Ẽ′, ρ̃) converges to a fuzzy soft

point ϕψ(fe)∈̃FSC(Ẽ′).

Theorem 2.26 ([35]). Fuzzy soft continuity is equivalent to fuzzy soft sequential
continuity in fuzzy soft metric spaces.

3. Fuzzy soft α− ψ-contractive type mappings and some fixed point
theorems

Definition 3.1. Let T : FSC(Ẽ) → FSC(Ẽ) and α : FSC(Ẽ) × FSC(Ẽ) →
R(E)∗. Then we say that T is a fuzzy soft α-admissible, if fe, gé∈̃FSC(Ẽ),

α(fe, gé)≤̃1̃⇒ α(Tfe, T gé)≤̃1̃.

Example 3.2. Let X = E = [0,∞) and T : FSC(Ẽ) → FSC(Ẽ) is defined by

T (fe) = fe, for all fe∈̃FSC(Ẽ). Let α : FSC(Ẽ) × FSC(Ẽ) → R(E)∗ be defined
by:

α(fe, gé) =

{
0.2, if fe 6= gé,
0̃, if fe = gé.

Then T is a fuzzy soft α-admissible.

Definition 3.3. Let Ψ be the family of functions ψ : R(E)∗ → R(E)∗ satisfying
the following conditions:

(i) ψ is non-decreasing,

(ii)
∑+∞
n=1 ψ

n(˜̃t) = 1̃, for all ˜̃t>̃0̃, where ψn is the nth iterative of ψ.
5
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Remark 3.4. For every function ψ : R(E)∗ → R(E)∗, the following holds:

if ψ is non-decreasing, then for each ˜̃t>̃0̃,

limn→∞ψ
n(˜̃t) = 0̃⇒ ψ(˜̃t)<̃˜̃t⇒ ψ(0̃) = 0̃.

Therefore if ψ ∈ Ψ then for each ˜̃t>̃0̃, ψ(˜̃t)<̃˜̃t⇒ ψ(0̃) = 0̃.

Definition 3.5. Let (Ẽ, d̃) be a fuzzy soft metric space and (T, ϕ) : (Ẽ, d̃)→ (Ẽ, d̃)
be a given fuzzy soft mapping. Then we say that (T, ϕ) is fuzzy soft α−ψ-contractive

mapping, if there exists two fuzzy soft functions (α, φ) : FSC(Ẽ) × FSC(Ẽ) →
R(E)∗ and ψ ∈ Ψ such that

(3.1) (α, φ)(fe, gé)d̃((T, ϕ)fe, (T, ϕ)gé)≤̃ψ(d̃(fe, gé)),∀fe, gé ∈ FSC(Ẽ).

Theorem 3.6. Let (Ẽ, d̃) be a complete fuzzy soft metric space. Let (T, ϕ) be a

fuzzy soft α− ψ-contractive mapping from (Ẽ, d̃) into itself satisfying the following:

(i) (T, ϕ) is a fuzzy soft α-admissible,

(ii) there exists f0
e0 ∈̃FSC(Ẽ) such that (α, φ)(f0

e0 , (T, ϕ)f0
e0)≤̃1̃,

(iii) (T, ϕ) is fuzzy soft continuous.

Then (T, ϕ) has a fixed point, that is, there exists fe ∈ FSC(Ẽ) such that

(T, ϕ)fe = fe.

Proof. Let f0
e0 ∈̃FSC(Ẽ) such that (α, φ)(f0

e0 , (T, ϕ)f0
e0)≤̃1̃. Define the sequence

{fnen}in(Ẽ, d̃) by:

fn+1
en+1

= (T, ϕ)fnen ,∀n ∈ N.

If fnen = fn+1
en+1

, for some n ∈ N, then fe = fnen is a fixed point of (T, ϕ).

Assume that fnen 6= fn+1
en+1

, for all n ∈ N. Since T is a fuzzy soft α-admissible, we

have (α, φ)(f0
e0 , f

1
e1) = (α, φ)(f0

e0 , (T, ϕ)f0
e0)≤̃1̃. By induction, we get

(3.2) (α, φ)(f0
e0 , f

n+1
en+1

)≤̃1̃,∀n ∈ N.

Applying the inequality (3.1) with fe = fn+1
en+1

and gé = fnen , and using (3.2), we
obtain

d̃(fnen , f
n+1
en+1

) = d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃(α, φ)(fn−1
en−1

, fnen)d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃ψ(d̃(fn−1
en−1

, fnen)).
By induction, we get

(3.3) d̃(fnen , f
n+1
en+1

)≤̃ψn(d̃(f0
e0 , f

1
e1)),∀n ∈ N.

From the inequality (3.3) and using the triangular inequality and for n,m ∈ N with
m > n,

d̃(fnen , f
m
em)≤̃d̃(fnen , f

n+1
en+1

) + d̃(fn+1
en+1

, fn+2
en+2

) + ...+ d̃(fm−1
em−1

, fmem)

6
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=
∑m−1
k=n d̃(fkek , f

k+1
ek+1

)

≤̃
∑m−1
k=n ψ

k(d̃(f0
e0 , f

1
e1))

≤̃
∑+∞
k=n ψ

k(d̃(f0
e0 , f

1
e1)).

Letting k →∞, we obtain {fnen} is a Cauchy sequence in fuzzy soft metric space in

(Ẽ, d̃). Since (Ẽ, d̃). is complete, there exists fe∈̃FSC(Ẽ) such fnen → fe as n→∞.

From the fuzzy soft continuity of (T, ϕ), it follows that fn+1
en+1

= (T, ϕ)fnen → (T, ϕ)fe
as n→∞. By the uniqueness of the limit, we get fe = (T, ϕ)fe. �

Theorem 3.7. Let (Ẽ, d̃) be a fuzzy soft metric space . Let (T, ϕ) be a fuzzy soft

α− ψ-contractive mapping from (Ẽ, d̃) into itself satisfying the following:

(i) (T, ϕ) is a fuzzy soft α-admissible,

(ii) there exists f0
e0 ∈̃FSC(Ẽ) such that (α, φ)(f0

e0 , (T, ϕ)f0
e0)≤̃1̃,

(iii) If {fnen} is a sequence in (Ẽ, d̃) such that (α, φ)(fnen , f
n+1
en+1

)≤̃1̃, for all n ∈ N
and fnen → fe∈̃FSC(Ẽ) as n→ +∞, then (α, φ)(fnen , fe)≤̃1̃, for all n ∈ N.

Then (T, ϕ) has a fixed point.

Proof. Following the proof of Theorem 3.6, we know that {fnen} is a Cauchy sequence

in complete fuzzy soft metric space (Ẽ, d̃). Then, there exists fe∈̃FSC(Ẽ) such that
fnen → fe as as n→ +∞.

On the other hand, from inequality (3.2) and the hypothesis (iii), we have

(3.4) (α, φ)(fnen , fe)≤̃1̃,∀n ∈ N.

Now, using the triangular inequality, and the two inequalities (3.1) and (3.4),

d̃((T, ϕ)fe, fe)≤̃d̃((T, ϕ)fnen , (T, ϕ)fe) + d̃(fn+1
en+1

, fe)

≤̃(α,ϕ)(fnen , fe)d̃((T, ϕ)fnen , (T, ϕ)fe) + d̃(fn+1
en+1

, fe)

≤̃ψ(d̃(fnen , fe)) + d̃(fn+1
en+1

, fe).

Letting n → ∞, since ψ is continuous at 0̃, we obtain d̃((T, ϕ)fe, fe) = 0̃, that is
(T, ϕ)fe = fe. �

To assure the uniqueness of the fixed point, we will consider the following hy-
pothesis.

(S): For all fe, gé∈̃FSC(Ẽ) , there exists he∗∈̃FSC(Ẽ) such that (α, φ)(fe, he∗)≤̃1̃
and (α, φ)(gé, he∗)≤̃1̃.

Theorem 3.8. Adding condition (S) to the hypotheses of Theorem 3.6 (resp. The-
orem 3.7), we obtain uniqueness of the fixed point of (T, ϕ).

Proof. Suppose fe and gé are two fixed points of (T, ϕ). From (S), there exists

he∗∈̃FSC(Ẽ) such that

(3.5) (α, φ)(fe, he∗)≤̃1̃, (α, φ)(gé, he∗)≤̃1̃.
7
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Since (T, ϕ) is fuzzy soft α-admissible, from inequality 3.5, we get

(3.6) (α, φ)(fe, (T, ϕ)nhe∗)≤̃1̃, (α, φ)(gé, (T, ϕ)nhe∗)≤̃1̃,∀n ∈ N.

Define the sequence {hne∗n} in (Ẽ, d̃) by hn+1
e∗n+1

= (T, ϕ)hne∗n ,for all n > 0 and h0
e∗0

= he∗ .

Using the two inequalities (3.6) and (3.1), we have

d̃(fe, h
n+1
e∗n+1

) = d̃((T, ϕ)fe, (T, ϕ)hn+1
e∗n+1

)

≤̃(α, φ)(fe, h
n
e∗n

)d̃((T, ϕ)fe, (T, ϕ)hne∗n)

≤̃ψ(d̃(fe, h
n
e∗n

)).
This implies that

d̃(fe, h
n+1
e∗n+1

)≤̃ψ(d̃(fe, h
n
e∗n

)), for all n ∈ N.

Thus

d̃(fe, h
n
e∗n

)≤̃ψn(d̃(fe, h
n
e∗n

)), for all n ≥ 1.

So, letting n→∞, we have

(3.7) hne∗n → fe.

Similarly, using the two inequalities (3.6) and (3.1), we get

(3.8) hne∗n → gé

Using the two inequalities (3.7) and (3.8), the uniqueness of limit gives us fe = gé.
Hence we proved that fe is the unique fixed point of (T, ϕ). �

Definition 3.9. Let FSC(Ẽ) be collection of all fuzzy soft points of Ẽ and let

T : FSC(Ẽ) → FSC(Ẽ) and α, β : FSC(Ẽ) → R(E)∗ be two mappings. We say
that T is a cyclic fuzzy soft (α, β)-admissible mapping, if

fe∈̃FSC(Ẽ), α(fe)≤̃1̃⇒ β(Tfe)≤̃1̃

and

fe∈̃FSC(Ẽ), β(fe)≤̃1̃⇒ α(Tfe)≤̃1̃.

Definition 3.10. Let (Ẽ, d̃) be a fuzzy soft metric space and (T, ϕ) : (Ẽ, d̃) →
(Ẽ, d̃) be a given fuzzy soft mapping. Then we say that (T, ϕ) is fuzzy soft (α, β)-
Banach contractive mapping, if there exists two fuzzy soft functions (α,ψ), (β, α) :

FSC(Ẽ)→ R(E)∗ and 0̃ ≤ ˜̃r < 1̃ such that

(3.9) (α,ψ)(fe)(β, φ)(gé)((T, ϕ)fe, (T, ϕ)gé)≤̃˜̃r · d̃(fe, gé), ∀fe, gé∈̃FSC(Ẽ).

Next, we give some fixed point result for fuzzy soft (α, β)-Banach-contraction
mappings in complete fuzzy soft metric space.

Theorem 3.11. Let (Ẽ, d̃) be a complete fuzzy soft metric space . Let (T, ϕ) be a

fuzzy soft (α, β)-Banach contractive mapping from FSC(Ẽ) into itself satisfying the
following:

(i) there exists f0
e0 ∈̃FSC(Ẽ) such that (α,ψ)(f0

e0)≤̃1̃ and (β, φ)(f0
e0)≤̃1̃,

(ii) (T, ϕ) is a cyclic fuzzy soft (α, β)-admissible,
8
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(iii) one of the following conditions holds:
(3a) (T, ϕ) is fuzzy soft continuous,

(3b) if {fnen} is a sequence in (Ẽ, d̃) such that {fnen} → fe∈̃FSC(Ẽ) as

n→∞ and (β, φ)(fnen)≤̃1̃ for all n ∈ N, then (β, φ)(fe)≤̃1̃.

Then (T, ϕ) has a fixed point. Furthermore, if (α,ψ)(fe)≤̃1̃ and (β, φ)(fe)≤̃1̃ for all

fixed point fe∈̃FSC(Ẽ), then (T, ϕ) has a unique fixed point.

Proof. Letf0
e0∈̃FSC(Ẽ) such that (α,ψ)(f0

e0)≤̃1̃ and (β, φ)(f0
e0)≤̃1̃. We will con-

struct the iterative sequence {fnen}, where fnen = (T, ϕ)fn−1
en−1

for all n ∈ N. Since

(T, ϕ) is a cyclic fuzzy soft (α, β)-admissible mapping, we have

(3.10) (α,ψ)f0
e0≤̃1̃⇒ (β, φ)f1

e1 = (β, φ)((T, ϕ)f0
e0)≤̃1̃

and

(3.11) (β, φ)f0
e0≤̃1̃⇒ (α,ψ)f1

e1 = (α,ψ)((T, ϕ)f0
e0)≤̃1̃.

By similar method, we get

(α,ψ)fnen≤̃1̃ and (β, φ)fnen≤̃1̃ for all n ∈ N

This implies that

(α,ψ)fn−1
en−1

(β, φ)fnen≤̃1̃ for all n ∈ N.

From the fuzzy soft (α, β)-Banach contractive condition of (T, ϕ), we have

d̃(fnen , f
n+1
en+1

) = d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃(α,ψ)fn−1
en−1

(β, φ)fnen · d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃˜̃r · d̃(fn−1
en−1

, fnen)

≤̃...≤̃˜̃rn · d̃(f0
e0 , f

1
e1), for all n ∈ N.

Let n,m ∈ N such that n > m. Then we get

d̃(fmem , f
n
en)≤̃d̃(fmem , f

m+1
em+1

) + d̃(fm+1
em+1

, fm+2
em+2

) + ...+ d̃(fn−1
en−1

, fnen)

≤̃(˜̃rm + ˜̃rm+1 + ...+ ˜̃rn−1) · d̃(f0
e0 , f

1
e1)

≤̃ ˜̃rm

1̃−˜̃r
· d̃(f0

e0 , f
1
e1).

Thus this implies
d̃(fmem , f

n
en)→ 0̃ as (m,n→∞).

So {fmem} is a fuzzy soft Cauchy sequence, by the completeness of (Ẽ, d̃), there is a

fuzzy soft point fe∈̃FSC(Ẽ) such that fnen → fe as (n→∞).
Now we assume that (T, ϕ) is fuzzy soft continuous. Then, we obtain

fe = limn→∞f
n+1
en+1

= limn→∞(T, ϕ)fnen = (T, ϕ)(limn→∞f
n
en) = (T, ϕ)fe.

9
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Now we will assume that the condition (3b) holds. Then (β, φ)fe≤̃1̃. Thus we
have, for each n ∈ N,

d̃((T, ϕ)fe, fe)≤̃d̃((T, ϕ)fe, (T, ϕ)fnen) + d̃((T, ϕ)fnen , fe)

≤̃(α,ψ)fnen(β, φ)fe · d̃((T, ϕ)fe, (T, ϕ)fnen) + d̃((T, ϕ)fnen , fe)

≤̃˜̃r · d̃(fnen , fe) + d̃(fn+1
en+1

, fe).

Letting n→∞, we get d̃((T, ϕ)fe, fe) = 0̃, that is (T, ϕ)fe = fe. This shows that
fe is a fixed point of (T, ϕ).

Now, we show that fe is the unique fixed point of (T, ϕ). Assume that gé is an-
other fixed point of (T, ϕ). From hypothesis, we find that (α,ψ)fe≤̃1̃ and (β, φ)gé≤̃1̃,
and hence

d̃(fe, gé) = d̃((T, ϕ)fe, (T, ϕ)gé)

≤̃(α,ψ)fe(β, φ)gé · d̃((T, ϕ)fe, (T, ϕ)gé)

≤̃˜̃r · d̃(fe, gé).

This shows that d̃(fe, gé) = 0̃ and then fe = gé. Therefore, fe is the unique fixed
point of (T, ϕ). �

Now generalized cyclic fuzzy soft (α, β)-contractive type mappings as follows

Definition 3.12. Let (Ẽ, d̃) be a fuzzy soft metric space and (T, ϕ) : (Ẽ, d̃)→ (Ẽ, d̃)
be a given fuzzy soft mapping. Then we say that (T, ϕ) is generalized fuzzy soft

(α, β)-contraction, if there exists two fuzzy soft functions (α,ψ), (β, φ) : FSC(Ẽ)→
R(E)∗ and 0̃ ≤ ˜̃r < 1̃ such that

(3.12) (α,ψ)fe(β, φ)gé · d̃((T, ϕ)fe, (T, ϕ)gé)≤̃˜̃r · d̂(fe, gé),

where

d̂(fe, gé) =max{d̃(fe, gé), d̃((T, ϕ)fe, fe), d̃((T, ϕ)gé, gé),

1
2 [d̃((T, ϕ)fe, gé) + d̃(fe, (T, ϕ)gé)]},

for all fe, gé∈̃FSC(Ẽ).

Theorem 3.13. Let (Ẽ, d̃) be a complete fuzzy soft metric space . Let (T, ϕ) be a

generalized fuzzy soft (α, β)-Banach contractive mapping from FSC(Ẽ) into itself
satisfying the following:

(i) there exists f0
e0∈̃FSC(Ẽ) such that (α,ψ)(f0

e0)≤̃1̃ and (β, φ)(f0
e0)≤̃1̃,

(ii) (T, ϕ) is a cyclic fuzzy soft (α, β)-admissible;
(iii) one of the following conditions holds:

(3a) (T, ϕ) is fuzzy soft continuous,

(3b) if {fnen} is a sequence in (Ẽ, d̃) such that {fnen} → fe∈̃FSC(Ẽ) as

n→∞ and (β, φ)(fnen)≤̃1̃, for all n ∈ N, then (β, φ)(fe)≤̃1̃.
10
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Then (T, ϕ) has a fixed point. Furthermore, if (α,ψ)(fe)≤̃1̃ and (β, φ)(fe)≤̃1̃, for

all fixed point fe∈̃FSC(Ẽ), then (T, ϕ) has a unique fixed point.

Proof. Letf0
e0∈̃FSC(Ẽ) such that (α,ψ)(f0

e0)≤̃1̃ and (β, φ)(f0
e0)≤̃1̃. We will con-

struct the iterative sequence {fnen}, where fnen = (T, ϕ)fn−1
en−1

, for all n ∈ N. Since

(T, ϕ) is a cyclic fuzzy soft (α, β)-admissible mapping, we have

(3.13) (α,ψ)f0
e0≤̃1̃⇒ (β, φ)f1

e1 = (β, φ)((T, ϕ)f0
e0)≤̃1̃

and

(3.14) (β, φ)f0
e0≤̃1̃⇒ (α,ψ)f1

e1 = (α,ψ)((T, ϕ)f0
e0)≤̃1̃.

by similar method, we get

(α,ψ)fnen≤̃1̃ and (β, φ)fnen≤̃1̃, for all n ∈ N

This implies that

(α,ψ)fn−1
en−1

(β, φ)fnen≤̃1̃, for all n ∈ N.

From the generalized fuzzy soft (α, β)-contractive condition of (T, ϕ), we have

d̃(fnen , f
n+1
en+1

) = d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃(α,ψ)fn−1
en−1

(β, φ)fnen · d̃((T, ϕ)fn−1
en−1

, (T, ϕ)fnen)

≤̃˜̃r · d̂(fn−1
en−1

, fnen), for all n ∈ N,
where

d̂(fn−1
en−1

, fnen) =max{d̃(fnen , f
n−1
en−1

), d̃((T, ϕ)fn−1
en−1

, fn−1
en−1

), d̃((T, ϕ)fnen , f
n
en),

1
2 [d̃((T, ϕ)fn−1

en−1
, fnen) + d̃(fn−1

en−1
, (T, ϕ)fnen)]}

= max{d̃(fnen , f
n−1
en−1

), d̃(fnen , f
n−1
en−1

), d̃(fn+1
en+1

, fnen),

1
2 [d̃(fnen , f

n
en) + d̃(fn−1

en−1
, fn+1
en+1

)]}

≤̃ max{d̃(fnen , f
n−1
en−1

), d̃(fnen , f
n+1
en+1

)}.
Thus d̃(fnen , f

n+1
en+1

)≤̃˜̃r· max {d̃(fnen , f
n−1
en−1

), d̃(fnen , f
n+1
en+1

)}.
Suppose d̃(fnen , f

n+1
en+1

) is maximum. Then

d̃(fnen , f
n+1
en+1

)≤̃˜̃r · d̃(fnen , f
n+1
en+1

)

≤̃d̃(fnen , f
n+1
en+1

) is a contradiction.

Thus d̃(fnen , f
n+1
en+1

)≤̃˜̃r · d̃(fnen , f
n−1
en−1

), for all n ∈ N.
Let n,m ∈ N such that n > m. Then we get

d̃(fmem , f
n
en)≤̃d̃(fmem , f

m+1
em+1

) + d̃(fm+1
em+1

, fm+2
em+2

) + ...+ d̃(fn−1
en−1

, fnen)

11
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≤̃(˜̃rm + ˜̃rm+1 + ...+ ˜̃rn−1) · d̃(f0
e0 , f

1
e1)

≤̃ ˜̃rm

1̃−˜̃r
· d̃(f0

e0 , f
1
e1).

Thus this implies
d̃(fmem , f

n
en)→ 0̃ as (m,n→∞).

So {fmem} is a fuzzy soft Cauchy sequence, by the completeness of (Ẽ, d̃), there is a

fuzzy soft point fe∈̃FSC(Ẽ) such that fnen → fe as (n→∞).

Now we assume that (T, ϕ) is fuzzy soft continuous. Then, we obtain

fe = limn→∞f
n+1
en+1

= limn→∞(T, ϕ)fnen = (T, ϕ)(limn→∞f
n
en) = (T, ϕ)fe.

Now we will assume that the condition (3b) holds. Then (β, φ)fe≤̃1̃. Thus we have,
for each n ∈ N,

d̃((T, ϕ)fe, fe)≤̃d̃((T, ϕ)fe, (T, ϕ)fnen) + d̃((T, ϕ)fnen , fe)

≤̃(α,ψ)fnen(β, φ)fe · d̃((T, ϕ)fe, (T, ϕ)fnen) + d̃((T, ϕ)fnen , fe)

≤̃˜̃r· d̂(fnen , fe) + d̃(fn+1
en+1

, fe)

= ˜̃r· max{d̃(fnen , fe), d̃((T, ϕ)fnen , f
n
en), d̃((T, ϕ)fe, fe),

1
2 [d̃((T, ϕ)fnen , fe), d̃(fnen , (T, ϕ)fe)]}+ d̃(fn+1

en+1
, fe).

Letting n→∞, we get

d̃((T, ϕ)fe, fe)≤̃˜̃r · d̃((T, ϕ)fe, fe)

≤̃d̃((T, ϕ)fe, fe).
This is a contradiction. Then (T, ϕ)fe = fe. This shows that fe is a fixed point of
(T, ϕ).

Now, we show that fe is the unique fixed point of (T, ϕ). Assume that gé is another
fixed point of (T, ϕ). From hypothesis, we find that (α,ψ)fe≥̃0̃ and (β, φ)gé≥̃0̃. Then

d̃(fe, gé) = d̃((T, ϕ)fe, (T, ϕ)gé)

≤̃(α,ψ)fe(β, φ)gé · d̃((T, ϕ)fe, (T, ϕ)gé)

≤̃˜̃r · d̂(fe, gé)

= ˜̃r·max{d̃(fe, gé), d̃((T, ϕ)fe, fe), d̃((T, ϕ)gé, gé),

1
2 [d̃((T, ϕ)fe, gé) + d̃(fe, (T, ϕ)gé)]}

= ˜̃r·max{d̃(fe, gé), d̃(fe, fe), d̃(gé, gé),
1
2 [d̃(fe, gé) + d̃(fe, gé)]}

12
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≤̃˜̃r · d̃(fe, gé)

<̃d̃(fe, gé).
This is a contradiction. Thus fe = gé. So, fe is the unique fixed point of (T, ϕ). �

4. Conclusions

In this paper, we present the notions of fuzzy soft α − ψ-contractive mappings
and cyclic fuzzy soft (α, β)−ψ-contractive mappings in fuzzy soft metric spaces and
some fixed points theorems has been proved. In the future, we will try to improve
the search performance further for some new types of mappings.
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