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1. INTRODUCTION

In daily life, the problems in many fields deal with uncertain data and are not
successfully modelled in classical mathematics. There are two types of mathematical
tools to deal with uncertainties namely fuzzy set theory introduced by Zadeh [41]
and the theory of soft sets initiated by Molodstov [28] which helps to solve problems
in all areas. After than , the properties and applications on this theorem have been
studied by many authors (e.g. [3], [7], [8], [14], [22], [30], [42]). Maji et al. [22]
introduced several operations in soft sets and has also coined fuzzy soft sets. Many
interesting applications of soft set theory have been expanded by embedding the
ideas of fuzzy sets (e.g. [2], [4], [9], [10], [13], [23], [24], [32], [37], [38], [40]). In
[5] Beaula et al. were introduced a definition of the fuzzy soft metric space, also in
[35] we introduced a concept of fuzzy Soft contractive mappings in fuzzy soft metric
spaces and studied some fixed point theorems.

The Banach contraction principle is certainly a classical result of modern analysis.
This principle has been extended and generalized in different directions in metric
spaces [39]. In (1988), Grabiec [17] initiated the study of the fixed point theory
in fuzzy metric space. In (2002), Gregori and Sapena [18] introduced new kind of
contractive mappings in modified fuzzy metric spaces and proved a fuzzy version of
Banach contraction principle (see [25], [26], [31]). In particular, Mihet [27] intro-
duced the concepts of fuzzy ¥-contractive mappings which enlarge the class of fuzzy
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contractions in Gregori and Sapena [18] and many authors Abbas et al. [1] and Hong
[19] have used the result of Mihet [27]. In (2012) Samet et al. [34] introduced the
concept of o —-contractive mapping and utilized the same concept to prove several
interesting fixed point theorems in setting of metric spaces (see [2], [15], [16], [29],
[30], [39] ). In this paper, we introduce a concept of fuzzy soft az— )-contractive type
mappings and cyclic fuzzy soft («, 8) — ¢-contractive mappings, and establish fixed
point theorems for such mappings in complete fuzzy soft metric spaces. Starting
from the Banach contraction principle, the presented theorems are the extension,
generalization, and improvement of many existing results in the literature.

2. PRELIMINARIES

In this section we present some basic definitions of fuzzy soft set and fuzzy soft
metric space.
Throughout our discussion, X refers to an initial universe, E the set of all parameters
for X, P(X) denotes the power set of X and I = [0, 1].

Definition 2.1 ([41]). A fuzzy set A in a non-empty set X is characterized by
a membership function py : X — I whose value p4(z) represents the ”degree of
membership” of x in A for x € X. Let IX denotes the family of all fuzzy sets on X.

A member A in I is contained in a member B of IX, denoted by A < B if and
only if pa(r) < pp(x) for every z € X (see [11]).

Let A, B € I, we have the following fuzzy sets (see [11]).
(i) Equality: A = B if and only if pa(z) = up(z), for all x € X.
(i) Intersection: C = AA B € IX by pc(z) = min{ua(z), up(z)}, for all
zc X.
(iii) Union: D = AV B € IX by puc(z) = mazr{pa(z),up(z)}, for all z € X.
(iv) Complement: E = A¢ € IX by up(z) =1 — pa(zx), for all z € X.

Definition 2.2 ([11]). The empty fuzzy set, denoted by 0, is the function which
maps each z € X to 0. That is, O(z) = 0, for all z € X. A universal fuzzy set
denoted by 1 is a function which maps each @ € X to 1. That is, 1(z) = 1, for all
e X.

Definition 2.3 ([28]). Let A C E. A pair (F, A) is called a soft set over (X, E), if
F is a mapping F : A — P(X).

In other words, a soft set over (X, E) is a parameterized family of subsets of the
universe X. For € € A, A(e) may be considered as the set of e-approximate elements
of the soft set (F, A), or as the set of e-approximate elements of the soft set.

Definition 2.4 ([21]). Let A C E. Then a pair (f, A), denoted by f4, is called a
fuzzy soft set over (X, E), where f is a mapping given by f : A — IX defined by
fale) = s, where
e [0, ifeg A,
Hia = otherwise, if e c A.
2
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(X, E) denotes the class of all fuzzy soft sets over (X, E) and is called a fuzzy
soft universe ([22]).

Definition 2.5 ([23]). A fuzzy soft set fa over (X, E) is said to be:
(a) NULL fuzzy soft set, denoted by ¢, if for all e € A, fa(e) = 0,
(b) absolute fuzzy soft set, denoted by E, if for all e € A, fa(e) = 1.

Definition 2.6 ([33]). The complement of a fuzzy soft set (f, A), denoted by~(f7 A)e,

is defined by (f, A)¢ = (f¢, A), fS : E — I is a mapping given by pge =1—nf,
where 1(z) = 1, for all z € X. Clearly, (f$)°¢ = fa.

Definition 2.7 ([33]). Let fa,gp € (X, E). Then f4 is called a fuzzy soft subset of
9B, denoted by faCygp, if A C Band p§, <pg, ,foralle € A, ie. puf, (z) < pg,, (),
for all x € X and for all e € A.

Definition 2.8 ([33]). Let fa,gp5 € (X, E). Then the union of f4 and gp is also
a fuzzy soft set hc, where C = AU B and for all e € C,ho(e) = pj = p§, V pg,.
Here we write he = faUgp.

—_~—

Definition 2.9 ([33]). Let fa,g5 € (X, E). Then the intersection of f4 and gp is
also a fuzzy soft set dc, where C' = ANDB and for all e € C,dc(e) = pg, = p§, Apg,,-
Here we write dc = faNgx.

Definition 2.10 ([20]). The fuzzy soft set fa € (X, E) is called fuzzy soft point, if
there exist € X and e € E such that p$, (z) = a(0 < a < 1) and u§, (y) = 0 for
each y € X — {z}, and this fuzzy soft point is denoted by z¢ or f..

Definition 2.11 ([20]). The fuzzy soft point x¢ is said to be belonging to the fuzzy
soft set (g, A), denoted by x§,€(g, A), if for the element e € A, < puf ().

Definition 2.12 ([5]). Let fa be fuzzy soft set over (X, E). Then two fuzzy soft
points F,, Fe, € fa are said to be equal, if uy, (z) = py,, (), for all z € X. Thus

fer # fe, if and only py, (x) # py,, (), for all z € X.

Proposition 2.13 ([5]). The union of any collection of fuzzy soft points can be
considered as a fuzzy soft set and every fuzzy soft set can be expressed as the union
of all fuzzy soft points as

fA = {OfeéfAfe e & E}

Proposition 2.14 ([5]). Let fa, fp be two fuzzy soft sets then faCfp if and only
if fo€fa implies f.€fp and hence fa = fp if and only if f.€fa and only if f-€f5.

Definition 2.15 ([12]). Let R be the set of real numbers and B(R) be the collection
of all non-empty bounded subsets of R and E be taken as a set of parameters, A C F.
Then a mapping f : A — B(R) is called a soft real set. If a soft real set is a singleton
soft set, it will be called a soft real number and denoted by 7,3,f etc. 0 and 1 are
the soft real numbers, where 0(e) = 0,1(e) = 1, for all e € F, respectively.

The set of all soft real numbers is denoted by R(A) and the set of all non-negative
soft real numbers by R(A)*
3
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Definition 2.16 ([11]). A (non negative) fuzzy soft real number is a fuzzy set on the

set of all (non negative) soft real numbers R(A), that is, a mapping A : R(A) — [0,1]
, associating with each (non negative) soft real number ¢, its grade of membership

i(f) satisfying the following conditions:
(1) X is convex,
that is, A(f) > min (A(3), A(7)) for § C
(ii) X s normal,
that is, there exists to € R(A)* such that i(fo) =1,
(iii) Xis upper semi continuous provided for all f € R(A) and « € [0, 1],
j\(tN) < @, there is a § > 0 such that || § —# ||< ¢ implies that 5\(5) < a.

4~

Let A C E and the collection of all fuzzy soft points of a fuzzy soft set f4 over
(X, E) be denoted by FSC(fa).

Let R(A)* be the set of all non negative fuzzy soft real numbers. The fuzzy soft
metric using fuzzy soft points is defined as follows:

Definition 2.17 ([5]). Let A C E and E be the absolute fuzzy soft set. A mapping
d: FSC(E)x FSC(E) — R(A)* is said to be a fuzzy soft metric on F, if d satisfies
the following conditions:

(FSMl) (fe17f€2)>0 for all feufezeE

(FSMZ) d(fe17fe2) élfand Only 1ffe1 fe27for al fe1’fe2éE7
(FSMs) : d(fey, fer) = d(fea fer), for all fo, fe, EE, )
(FSMy) : d(feufes)é d(feys fes) +d(fey, fe,) for all feufezvfeséE)'

The fuzzy soft set E with the fuzzy soft metric d is called the fuzzy soft metric
space and is denoted by (F,d).

Definition 2.18 ([0]). Let (E,d) be a fuzzy soft metric space and be a fuzzy soft
real number and € € (0,1). A fuzzy soft open ball centered at the fuzzy point feéE

and radius 7 is a collection of all fuzzy soft points ge of E such that d(g., fe)<t It is
denoted by B(f,,1,8), where B(f,.1,8) = {g.EEld(ge, )28} with | s (2)— s, () |
<¢ forallae E,x € X .

The fuzzy soft closed ball is denoted by é[fe,g, g = {geéE\J(ge,fG)étZ} with
| ng, (x) — p§ (z) | <€ foralla € B,z € X.

Definition 2.19 ([0]). A sequence {f. } in a fuzzy soft metric space (E,d) is said
to converge to fe, if cZ(fen,fe/) — 0 as n — oo, for every ¢>0, there exists >0 and
a positive integer N = N(€) such that d(fe, , fo')<é implies | ug, (@) —pf, (x) |<é
whenever n > N,a € E and z € X. It is usually denoted as lim ,,,o0 fe,, = fer-

Definition 2.20 ([0]). A sequence {f. } in a fuzzy soft metric space (E,d) is
said to be a Cauchy sequence, if to every ¢>0, there exists 650 and a positive
integer N = N () such that d(f.,, f., )<0 implies | p, (x) —pg, (x) [<é for all
n,m> N,a € FE and z € X, that is, d(fe, , fe,.) = 0 as n,m — oo .

4
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Definition 2.21 ([6]). A fuzzy soft metric space (E,d) is said to be complete, if
every cauchy sequence in E converges to some fuzzy soft point of E.

Definition 2.22 ([35]). Let (E,d) and (E~’~, p) be two fuzzy soft metric spaces.
Then the mapping ¢y = (¢,¥) : (E,d) — (£, p) is called a fuzzy soft mapping, if
¢:FE — E and ¢ : E — E’ are two mappings.

Definition 2.23 ([3°]). Let (E,d) and (E’, p) be two fuzzy soft metric spaces. Then
vy : (E,d) — (E, p) is called a fuzzy soft continuous mapping at the fuzzy soft point
f.EFSC(E), if for every fuzzy soft open ball Bg(god,(fe)j, é) of (E', ), there exists
a fuzzy soft open ball é(fe,g, é) of (d, E) such that @(é(feﬂ?, g))éé(ww(fe),ﬁ, é).

If @y (fe) is a fuzzy soft continuous mapping at every fuzzy soft point f. of (E,d),
then it is said to be fuzzy soft continuous mapping on (F,d).
Now, this definition can be expressed using & — ¢ as follows:

Definition 2.24 ([35]). The mapping ¢, : (E,d) — (E’,p) is said to be a fuzzy
soft continuous mapping at the fuzzy soft point f.EFSC(E), if for every £>0, there
exists a 6>0 such that d(fe, g¢)<d implies that (g (fe), Py (ge))<E.

Definition 2.25 ([35]). The fuzzy soft mapping oy, : (E,d) — (E', p) is said to be
fuzzy soft sequentially continuous at the fuzzy soft point f.€FSC (EN')7 if for every
sequence of fuzzy soft points { f., } converging to the fuzzy soft point f. in the fuzzy
soft metric space (E, d), the sequence ¢y ({f.,}) in (E’, p) converges to a fuzzy soft
point oy (f.)EFSC(E").

Theorem 2.26 ([35]). Fuzzy soft continuity is equivalent to fuzzy soft sequential
continuity in fuzzy soft metric spaces.

3. Fuzzy SOFT a — 9)-CONTRACTIVE TYPE MAPPINGS AND SOME FIXED POINT
THEOREMS

Definition 3.1. Let T : FSC(E) — FSC(E) and « : FSC(E) x FSC(E) —
R(E)*. Then we say that T is a fuzzy soft a-admissible, if f., gs€FSC(E),

a(fe,96)<1 = (T fe, Tge)<I1.

Example 3.2. Let X = E = [0,00) and T': FSC’(E‘) %~FSC’(E~) is defined by
T(fe) = fe, for all fe€FSC(E). Let a: FSC(E) x FSC(E) — R(E)* be defined
by:
N ) 0.2, it fe # ge,
Ck(fe,ge) - { 67 lf fe = ge.

Then T is a fuzzy soft a-admissible.

Definition 3.3. Let ¥ be the family of functions ¢ : R(E)* — R(E)* satisfying
the following conditions:

(i) ¢ is non-decreasing,
(it) S22 ym(f) = 1, for all £50, where ¢™ is the n'” iterative of 1.
)
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Remark 3.4. For every function 1 : R(E)*, the following holds:

R(E)" —
if ¢ is non-decreasing, then for each £>0,

it soot" () = 0 = ()<t = 1(0) = 0.

Therefore if 1) € ¥ then for each t:§(~), w(t:)ig = 1(0) = 0.

Definition 3.5. Let (E,d) be a fuzzy soft metric space and (T, ¢) : (E,d) — (E,d)
be a given fuzzy soft mapping. Then we say that (T, ¢) is fuzzy soft a—)-contractive
mapping, if there exists two fuzzy soft functions («,¢) : FSC(E) x FSC(E) —
R(E)* and ¢ € ¥ such that

(3.1) (0, ) (fe, 9)A((T, @) fer (T, ©)ge) <W(d(fe, gé)), Y fer ge € FSC(E).

Theorem 3.6. Let (E,d) be a complete fuzzy soft metric space. Let (T',¢) be a
fuzzy soft o — -contractive mapping from (E d) into itself satisfying the following:
(i) (T, @) is a fuzzy soft a- -admissible,

there exists fO EFSC(E) such that (o, ¢)(f2, (T, ) f2)<1,

€p?

(i

i)
(iil) (T, ) is fuzzy soft continuous.
Then (T, ) has a fized point, that is, there exists fo € FSC(E) such that
(T, ) fe = fe.
Proof. Let fO EFSC(E) such that (a,¢)(f2,(T,¢)f%)<I. Define the sequence
{2 Yin(E, d) by:
fotl = (T, ¢)f2 ,Vn € N.

€n+41

= f7*1 for some n € N, then f, = f2 is a fixed point of (T, ).

en €en+1’
Assume that f' # "tll, for all n € N. Since T is a fuzzy soft a-admissible, we
have (v, @)(f2, f) = (o, ) (f2,, (T, ) f2 )ii By induction, we get
n+1
(3.2) (o, d)(fey fo <1, Vn € N.

Applying the inequality (3.1) with f. = f"tll and g¢ = f', and using (3.2), we
obtain

d(fr, forly = d(T, ) f271 (T, @) £2)
<(a, @) (frt, fr)d(T, ) f2 7L (T, ) )

<o(d(f2 2 f2))-

By induction, we get

(3-3) d(fe,, o) Send(fe,, f2,), ¥n € N.

From the inequality (3.3) and using the triangular inequality and for n,m € N with
m > n,

d(fr, fm)<d(f, frry 4 d(fott fre2) + o d(fmot )

€m €n+1 n+1? 7 €nt2 €m— 17 €m

6
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= Z;cn;nl d( ek’ fécktll)
<SR M, 1)
Zk =n ( ( go’ 31))'

Letting k& — oo, we obtain { fI' } is a Cauchy sequence in fuzzy soft metric space in
(E,d). Since (E,d). is complete, there exists f.EFSC(E) such f& — feasn — oo.
From the fuzzy soft continuity of (T, ¢), it follows that f+% = (T, @) f2 — (T, ) fe

as n — 0o. By the uniqueness of the limit, we get fo = (T, ) fe- O

Theorem 3.7. Let (E,d) be a fuzzy soft metric space . Let (T, p) be a fuzzy soft
«a — P-contractive mapping from (E d) into itself satisfying the followmg

(1) (T ¢) is a fuzzy soft a-admissible,
(ii) there exists foEFSC(E) such that (a,d)(f2, (T, ) f2)<1,
(iii) If {f2 } is a sequence. in (E,d) such that (o, §)(f o e"': ?%L for alln e N
and f7 — f[EFSC(E) asn — +oo, then (o, §)(f2,, f)<1, for alln € N.

Then (T, ) has a fized point.

Proof. Following the proof of Theorem 3.6, we know that { 7' } is a Cauchy sequence

in complete fuzzy soft metric space (E, d~) Then, there exists f.EFSC(E) such that
f& — fe as as n — +o0.
On the other hand, from inequality (3.2) and the hypothesis (iii), we have

(3.4) (a,9)(f, fo)<1,vn € N.
Now, using the triangular inequality, and the two inequalities (3.1) and (3.4),

A(T, ) fe, fo)<d(T, ) £, (T, ) fe) + d(f2 41 fe)
(o, @) (f2, f)d((T, o) f (T, ) fe) + d(F25L fe)
SY(d(f2, fe) + Aot fe).

Letting n — oo, since v is continuous at 0, we obtain J((T, ©)fes fo) = 0, that is

(T790)fe:fe- O

To assure the uniqueness of the fixed point, we will consider the following hy-
pothesis.

(S): For all f., gs€FSC(E) , there exists he- EFSC(E) such that (a, ¢)(fe, he ) <1
and (c, $)(ge, he)<1.

Theorem 3.8. Adding condition (S) to the hypotheses of Theorem 3.6 (resp. The-
orem 3.7), we obtain uniqueness of the fized point of (T, p).

Proof. Suppose f. and g are two fixed points of (T, ). From (S), there exists
he<€EFSC(E) such that

(3.5) (at, ) (fe, hes)<1, (ar, d)(ge, her ) <1.
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Since (T, ¢) is fuzzy soft a-admissible, from inequality 3.5, we get

(3.6) (o, @) (fe, (T, )" hex) <1, (a7¢)(gé,(T7<P) he-)<1,¥n € N.

Define the sequence {hg. } in (E,d) by h”Jr1 = (T, p)h™ foralln > 0 and h? s = he-.
Using the two inequalities (3.6) and ( ) we have

Ao, L) = AT, 0) o (T )L

<(, ) (fe, B2 )A((T, ) fe, (T, )b )
<Y(d(fe, b2 ).

ex

This implies that

d(fer BL ) Z0(d(fer ), for all € N.
Thus

d(fe, b )<Y (d(fe, k2. ), for all n > 1.

So, letting n — oo, we have
(3.7 hes = fe.
Similarly, using the two inequalities (3.6) and (3.1), we get
(38) h:}z — g¢
Using the two inequalities (3.7) and (3.8), the uniqueness of limit gives us f. = ge.
Hence we proved that f, is the unique fixed point of (T}, ¢). O
Definition 3.9. Let ITSC(EN’) be collection of all fuzzy soft points of E and let
T:FSC(E) — FSC(E) and a, 8 : FSC(E) — R(E)* be two mappings. We say
that T is a cyclic fuzzy soft («, 8)-admissible mapping, if

f€FSC(E),a(f)<1= B(Tf)<I
and

fEFSC(E), B(fo)<1 = a(Tfo)<1,

Definition 3.10. Let (E,d) be a fuzzy soft metric space and (T, ¢) : (E,d) —
(E, ci) be a given fuzzy soft mapping. Then we say that (T, ) is fuzzy soft (a, 5)-
Banach contractive mapping, if there exists two fuzzy soft functions (o, ), (8, @) :
FSC(E) — R(E)* and 0 < 7 < 1 such that

(3.9) (. ¥)(f)(B, D)) (T, ) fes (T, 0)ge) ST - d(fer 9¢)s Ve, geEFSCO(E).

Next, we give some fixed point result for fuzzy soft («,3)-Banach-contraction
mappings in complete fuzzy soft metric space.

Theorem 3.11. Let (E,ci) be a complete fuzzy soft metric space . Let (T, ) be a
fuzzy soft (a, B)-Banach contractive mapping from FSC(E) into itself satisfying the
following:
(i) there exists O EFSC(E) such that (a,¥)(f2)<1 and (8,¢)(f2)<1,
(ii) (T, ) is a cyclic fuzzy soft (a,ﬁ)-admissible
8
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(iii) one of the following conditions holds:
(3a) (T, @) is fuzzy soft continuous,
(3v) if {fl} is a sequence in (E,d) such that {fl} — f€FSCE £) a
n — 0o and (8,9)(f2)<1 for alln € N, then (3, ¢)(f.)<1.

Then (T', ) has a fized point. Furthermore, if (c, V) (fe)<1 and (B, ¢)(f.)<1 for all
fized point f.€FSC(FE), then (T, ) has a unique fized point.

Proof. LethOéFSC(E) such that (a,v)(f2)<I and (8,¢)(f%)<1. We will con-
struct the iterative sequence {f? }, where f"n = (T,o)fo for all n € N. Since
(T, ¢) is a cyclic fuzzy soft («, 8)-admissible mapping, we have

(3.10) (e, ) fo, 1= (B, 0) e, = (B,9)(Tw ) fe,)<1
and
(3.11) (B:0) Q<1 = () fe, = (@, ) (Tu ) fo,)<1.
By similar method, we get

(a, ) f <1 and (B, ¢)fr <1 for alln € N

This implies that
(o, ) f21 (B, ) [ <1 for all n € N.
From the fuzzy soft («, 5)-Banach contractive condition of (T, ¢), we have
d(fz, foih) = d((T o) fo 2 (Top) f2)
(o) o2 (Boo) e, - AT ) f525, (T f2,)
(e )

éi?”d( 0 ) for all n € N.

ep’

Let n,m € N such that n > m. Then we get

[N

J(fm n\Z>J m+1 m+1 rm+42 J(fn—1 pn
d( em? en)Sd( em? fewn—:l) + d(f nl—:l’fem_:2) + o + d(f6n717 en)
S P ) (S, £

d( ep? 61)

[A
’_"%n

Thus this implies }
d(fm oo fe) —0as (m,n — oo).
So {fI" } is a fuzzy soft Cauchy sequence, by the completeness of (E ( ) there is a

fuzzy soft point f.EFSC(E) such that f2 — feas (n — o0).
Now we assume that (T, ¢) is fuzzy soft continuous. Then, we obtain

fe - lzmn—wofenJrl lzmn_>oo( )fen - ( )(lzmnﬁoof:n) = (Ta ‘p)fe-
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Now we will assume that the condition (3;) holds. Then (8, ¢)f.<1. Thus we
have, for each n € N,

d((T, @) fer f) SA((T, @) fe, (T, ) £2.) + d((T, ) £2,, f)
i(a7¢) ;ln(ﬁagb)fe'J«Taso)fea(T?@) ;Ln)-l-(i((T,(p) :,L?fe)

<r- d( en? fe) + d(fn,jlﬂfe)
Letting n — oo, we get d((T, ) fe, f.) = 0, that is (T, ) fe = fe. This shows that
fe is a fixed point of (T, ).
Now, we show that f. is the unique fixed point of (T, ). Assume that g¢ is an-
other fixed point of (T, ¢). From hypothesis, we find that (o, ) f.<1 and (3, ¢)ge¢<1,
and hence

d(fer9¢) = (T, ) fes (T, 2)g¢)
(@, 9) fe(B, @)g¢ - d((T, ) fer (T, 2)ge)

iﬁ 'Nd(fe>gé)~ B
This shows that d(fe,g9¢) = 0 and then f. = g¢. Therefore, f. is the unique fixed
point of (T, ¢). O

Now generalized cyclic fuzzy soft («, §)-contractive type mappings as follows

Definition 3.12. Let (E, d) be a fuzzy soft metric space and (T, ¢) : (E,d) — (E,d)
be a given fuzzy soft mapping. Then we say that (T, ¢) is generalized fuzzy soft
(cv, B)-contraction, if there exists two fuzzy soft functions (a, ), (8, ¢) : FSC(E) —
R(E)* and 0 < 7 < 1 such that

(3.12) (,¥) fe(B, $)ge - (( o) fe, (T, )ge)é; (f€7gé)’

where
Cz(fea gé) :maX{J(fea gé)a J((Tv Qo)fe’ fe)a J((Ta @)gé gé)a

3[A((T, @) fe, 9¢) + d( e (T, 0)ge)1}
for all f.,g:€FSC(E).

Theorem 3.13. Let (E,d) be a complete fuzzy soft metric space . Let (T, p) be a
generalized fuzzy soft (a, B)-Banach contractive mapping from FSC(E) into itself
satisfying the following:
(i) there exists O EFSC(E) such that (a,¥)(f2)<1 and (8,¢)(f2)<1,
(ii) (T, ) is a cyclic fuzzy soft (a,ﬁ)-admissible
(iii) one of the following conditions holds:
(3a) (T, @) is fuzzy soft continuous,
(3s) zf{ '} is a sequence in (E,d) such that {f&}y = f€FSCE £) a
n — oo and (B,9)(f2)<1, for all n €N, then (B, ¢)(f.)<1.
10
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Then (T, ¢) has a fived point. Furthermore, if (o, V) (fo)<1 and (B,9)(f.)<1, for
all fized point f,EFSC(E), then (T, ) has a unique fized point.

Proof. Letf EFSC(E) such that (o, v)(f%)<1 and (3, qb)( ) )<1. We will con-
struct the iterative sequence {f!' }, where e"n = (T, o) fr 1, for all n € N. Since

(T, ¢) is a cyclic fuzzy soft (« B) admissible mapping, we have

(3.13) (e, ) fo, <1 = (B,9)f2, = (B, 0) (T, ) fo,)<1
and
(3.14) (B,0) for, <1 = (a, ) f2, = (a, )(T, ) fo,)<1.

by similar method, we get
(a, ) 2 <1 and (B,(;S)f;’nii, for alln € N
This implies that
(a, ) f21(B,¢) f2 <1, for all n € N.
From the generalized fuzzy soft («, 8)-contractive condition of (T, ), we have
d(fr, frtly =d((T, @) f27 (T, o) f2)
() f27h (B, o) 2, - d((T @) f2 74 (To) f2)

Fed (en Lofr), forall n €N,

A

A

where
d(frt, o) =max{d(f2,, f270), d(T) f2h, fot) d(T @) 2 £2),
%[d«T,so) n )+ (R (To) )]
= max{d(f2, f2.70), A2 F2 ), dOE L ),
%[c?(f;,f&) d(fet, fein

< max{d(fz,, f2.4), A2, FED)Y

€n—1 €n+1

Thus d(fz,, 2,1}) <7 max {d( D dn A fE

Suppose d( f2 f2A)) is maximum. Then

A2, FoSF Uz, £

€n+1 €n+1

n+1y ; . .
( en? enﬂ) is a contradiction.

Thus d(f7, n+1)<r d(fr, fo-l), for all m € N.

€n41

Let n,m € N such that n > m. Then we get

d(fm, frSd(fm, frely 4 d( et fma2y 4 o d(feT )

€m’? €m+1 €m+17J €m42

11
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(Fm 7 e ) - d (0, )

[A

d( ep? 61)

A
’_"%n

Thus this implies
( oo fe) = 0as (m,n — o).

So {fI" } is a fuzzy soft Cauchy sequence, by the completeness of (F (
fuzzy soft point f.EFSC(E) such that f2 — feas (n — o0).

d), there is a

Now we assume that (T, ¢) is fuzzy soft continuous. Then, we obtain

)fen ( )(limnﬁoof:n) = (Ta ‘p)fe-

fe = limnﬁoof:;r lzmn—wo(

Now we will assume that the condition (3;) holds. Then (3, ¢) fo<1. Thus we have,
for each n € N,

d(T, ) fe, fo)SA((T, @) fer (T, @) £2.) + d((T, ) £, f)
() f2 (B d) fe - A((T, @) fer (T, ) f22) + d(T, ) 2, fe)
Fd(fe fo) +d(feits fe)
7 max{d(f2 . f.), d(T, ) £, £2.), d((Ts ) fes fo),
ST Q) f2 fo)sd(f2 L (T @) fo)]} + (2T fe)-

[A

Letting n — oo, we get

CZ((T, o) fe, fe)éﬁ : J((T, @) fe, fe)

id((T, SO)fEJ f€>'
This is a contradiction. Then (T, ¢)f. = f.. This shows that f. is a fixed point of

(T, ¢).
Now, we show that f is the unique fixed point of (T, ). Aslsume that ge is another
fixed point of (T', ¢). From hypothesis, we find that (c, ) fe>0 and (8, $)g¢>0. Then

d(fe. 9é) = d((T. 9) fe, (T, 9)g¢)
<(, ) fe(B: 9)gé - A((T. @) fe, (T, 0)ge)
7 - d(fe, 9¢)
= rmax{d(fe, g¢), d((T, ) fe, fe), d((T. 9)ge. ge),
3[A((T, @) fer 92) + d(fe. (T, 0)g0)]}
= Fmax{d(fe, ge), d(fe, fe), d(9e. ge), 3[d(fer 9¢) + d(fe, g}

[A

12
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é,ﬁ . C'Zq(.]('eagé)

Z(i(.]667.ge')'

This is a contradiction. Thus f. = g¢. So, fe is the unique fixed point of (T, ). O

4. CONCLUSIONS

In this paper, we present the notions of fuzzy soft a — 1-contractive mappings
and cyclic fuzzy soft (a, 8) — ¢-contractive mappings in fuzzy soft metric spaces and
some fixed points theorems has been proved. In the future, we will try to improve
the search performance further for some new types of mappings.
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